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We propose an efﬁcient method for the form-ﬁnding of tensegrity structures. The force densities of each
tensegrity are obtained by the minimisation of a particular objective function, leading to a semi-positive
deﬁnite force density matrix (a super-stable tensegrity) with a required rank deﬁciency. A genetic algo-
rithm is used as a global search technique for the minimisation. The geometry of a tensegrity is subse-
quently formed based on those eigenvectors of the force density matrix corresponding to zero
eigenvalues. Furthermore, two other methods are introduced to convert the asymmetrical geometry
obtained from the main algorithm into its symmetrical counterparts. This transformation in geometry
is performed by ﬁnding a suitable linear combination of the mentioned eigenvectors. Examples from
well-known tensegrities including prismatic, truncated tetrahedron, expandable octahedron and trun-
cated icosahedron tensegrities are studied using the present method, and the results obtained are com-
pared with those documented in the literature to verify the efﬁciency of the present method.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
A particular conﬁguration of continuous tensile elements
(called cables) and discontinuous compressive elements (called
struts) that form a statically indeterminate structure in a stable
equilibrium is called a tensegrity structure. In fact, tensegrity
structures are pin-jointed, mechanically stable pre-stressed frame-
works. Motro (1992) has described tensegrity structures as sys-
tems with rigidities that are the result of a state of self-stressed
equilibrium between cables under tension and compression ele-
ments and is independent of all ﬁelds of action. In 1947, the ﬁrst
tensegrity structure was invented and built by a young artist
named Kennet Snelson. The name of tensegrity was ﬁrst used by
Fuller (1962) to describe Snelson’s structure. The major advantages
of tensegrity structures could be summarised as a large stiffness-
to-mass ratio, deployability, reliability and controllability.
A major step in designing tensegrity structures is form-ﬁnding.
Form-ﬁnding refers to the process of determining special geomet-
rical conﬁgurations that lead to, at least, a state of self-stress for
tensegrity structures. Fuller (1962) and Snelson (1965) carried
out early studies on the form-ﬁnding of regular tensegrity struc-
tures. The issue has been addressed widely by many other
researchers. One of the simplest form-ﬁnding methods is undoubt-
edly the analytical method. This method has been used success-
fully for the form-ﬁnding of prismatic and cylindrical tensegrity
structures. In this method, a special rotation angle between topll rights reserved.and bottom polygons is calculated explicitly (Connelly and Terrell,
1995). However, the method is feasible only for structures with
high orders of symmetry. As a general method, Pellegrino (1986)
developed a nonlinear programming approach to the form-ﬁnding
of tensegrity structures. However, the method is not viable for
large tensegrity models, due to the presence of signiﬁcant number
of constraint equations. The dynamic relaxation method has been
successfully applied by Motro (1984) and Belkacem (1987) as an-
other general form-ﬁnding method for tensegrity structures. Motro
et al. (1994) also concluded that the method may not be useful for
large-scale tensegrity structures. The methods summarised so far
are often classiﬁed as kinematical methods (Tibert and Pellegrino,
2003). Static methods outline another category of form-ﬁnding
methods. Static methods exploit equilibrium equations (generated
based on element forces) for the form-ﬁnding process. Connelly
and Terrell (1995) used an analytical approach, considering the
force density concept (also called tension coefﬁcient) for the
form-ﬁnding of rotationally symmetrical tensegrity structures. An
energy method was also adopted by Connelly (1982) to ﬁnd stable
equilibrium conﬁgurations for tensegrity frameworks. Sultan et al.
(1999) introduced a method called the reduced coordinate method
for the form-ﬁnding of tensegrity structures (see also Sultan,
1999). Group theory has also been used widely in the form-ﬁnding
and study of symmetrical tensegrities (Murakami and Nishimura,
2001). This theory was effectively employed in the study of sym-
metrical prismatic tensegrity structures (Zhang et al., 2009a,b).
Masic et al. (2005) proposed an algebraic method based on
invariant tensegrity transformation for the form-ﬁnding problem.
Zhang et al. (2006) suggested a general approach for designing
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tensegrity systems with geometric constraints. Zhang and Ohsaki
(2006) also developed another numerical form-ﬁnding method.
Estrada et al. (2006) introduced an efﬁcient method for the form-
ﬁnding of tensegrity structures that requires only a prototype
vector of tension coefﬁcients (force densities) as an initial require-
ment. Recently, Rieffel et al. (2009) introduced an evolutionary
form-ﬁnding method. Pagitz and Mirats Tur (2009) presented a
form-ﬁnding method based on the ﬁnite element method. Li
et al. (2010) proposed a stochastic form-ﬁnding approach based
on the Monte Carlo method to determine equilibrium conﬁgura-
tions of large-scale regular and irregular tensegrity structures.
However, only a limited number of contributions are suggested
in the literature for the form-ﬁnding of tensegrities that utilise
bio-inspired algorithms. These methods could be considered to
be new and promising tools for the form-ﬁnding problem, though
they require more study and development. From this category of
form-ﬁnding methods, we may also refer to Paul et al. (2005)
and Xu and Luo (2010), who used a genetic algorithm as a part
of their form-ﬁnding methods.
With respect to the inadequate number of studies in the last
category mentioned above, in this paper, we propose an efﬁcient
form-ﬁnding method for tensegrity structures. First, the form-ﬁnd-
ing problem is formulated as a minimisation problem by introduc-
ing a special objective function (ﬁtness function), which is based
on some of the smallest eigenvalues of the force density matrix.
Then, a genetic algorithm is used to ﬁnd the global minimum of
the problem, leading to a set of force densities that guarantee a re-
quired rank deﬁciency for the force density matrix. The method
promises to form a super-stable tensegrity. Second, two different
methods are proposed to take symmetry constraints into account.
Finally, a set of well-known tensegrity structures is studied to
demonstrate the efﬁciency and accuracy of the proposed method.
2. Basic concepts of tensegrity structures
A tensegrity structure is a pin-jointed, statically indeterminate
framework in a state of self-stress. In the context of the force meth-
od, for an element labelled by k with i and j (i < j) as its start and
end node numbers, the equilibrium equations can be written as
ð1Þ
where lij ¼ ðxj  xiÞ=Lij; mij ¼ ðyj  yiÞ=Lij and nij ¼ ðzj  ziÞ=Lij are the
cosine directions of the x-, y- and z-axes, respectively, and Lij is
the length of element k. Furthermore, pi and pj are nodal forces at
the two ends of element k .
Let the equilibrium of forces in each direction be considered
separately. For example, in the x direction we have
1
1
 
qk½ 1 1 
xi
xj
 
¼ pix
piy
" #
k
ð2Þ
where qk ¼ rk=Lij is the force density or tension coefﬁcient for ele-
ment k.
By integrating Eq. (2) for all elements and in all directions, equi-
librium equations are obtained for entire structure as follows:
G½xyz ¼ P ð3Þ
where
G ¼ BQBt; Q ¼ diagðqÞ; ð4Þin which B = [bij] is deﬁned as follows:
bij ¼
1 if i is the start node of element j
1 if i is the end node of element j
0 Otherwise
8><
>:
From a graph-theoretical point of view, B is called the node-ele-
ment incidence matrix for a directed graph where each element is
directed from node i to j (i < j).In Eq. (3), x ¼ ½x1; x2; . . . ; xnt ,
y ¼ ½y1; y2; . . . ; ynt and z ¼ ½z1; z2; . . . ; znt are vectors of nodal coor-
dinates, P is a matrix of external nodal forces (each direction in a
column) and q ¼ ½q1; q2; . . . ; qmt is a vector that contains the force
density of elements. In addition, in Eq. (4), Q is a diagonal matrix
with diagonal entries Qii = qi. Note that Q is often called the
weighted Laplacian matrix and is alternatively deﬁned as follows:
G ¼ ½gij ¼
Pk2S
qk if i ¼ j
qk if i– j
8<
:
where S is the set of all elements incident with node i (k is the ele-
ment label associated with element {i, j}).
In a state of self-stress, external forces are considered tobezero. As
a result, Eq. (3) may have a non-trivial solution if G is rank-deﬁcient.
Because G is a weighted Laplacian matrix (sum of each row and col-
umn is zero), it always has a zero eigenvalue irrespective of the
numerical values of q. The corresponding eigenvector of this eigen-
value cannot be considered as feasible nodal coordinates because all
of its entries are the same. Therefore, for a two- or three-dimensional
structure to be in a state of self-stress, G should have at least three or
four zero eigenvalues, respectively. In the next section, we employ
this feature to formulate the form-ﬁnding procedure.
3. Form-ﬁnding
3.1. Formulation
With respect to the relationship between the eigenvalues of the
force density matrix G and the self-stress state, as pointed out in
the previous section, we formulate the process of form-ﬁnding of
a tensegrity structure with m elements using a constrained mini-
misation problem as follows:
Minimize ab ð5Þ
Subject to
1 6 qi 6 1; i ¼ 1;2; . . . ;m
qi–0
in which
a ¼
Xt
j¼1
jkjj ð6Þ
and
b ¼
Xm
i¼1
bi ¼
Xm
i¼1
1
jqij
ð7Þ
In Eq. (6), kj is the ith eigenvalue of G and t is 3 or 4 for two- or
three-dimensional tensegrities, respectively.
It should be noted that, for a general tensegrity structure, m is
the total number of elements as well as the total number of vari-
ables. However, in the presence of any type of symmetry (the sym-
metry of the initial graph model or the ﬁnal geometry expected),
we should only use the force density of symmetric elements
(including different groups of cables and struts) as the main vari-
ables, which also form the force densities of all elements in order
to generate Q. In addition, let the eigenvalues of G be sorted as
k1 < k2 <    < kn. In fact, a is the sum of the ﬁrst three or four
smallest eigenvalues of G. Obviously, the minimum of a is zero.
In Eq. (7), qi is the force density of the ith element. Note that the
Table 1
Main parameters of the proposed genetic algorithm.
Parameter name Type or value
Bounds of variables [1,1]
Population (type)
(size)
Real valued
200
Selection Stochastic uniform
Elite count 2
Crossover (type)
(rate)
Heuristic
0.9
Mutation (type)
(rate)
Adaptive feasible
0.09
Stopping criteria (ﬁtness limit)
(generation number)
1e13
1000
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considered as a mapping of 1, +1 onto 1, 1. According to the
procedure described above, we always obtain a semi-positive def-
inite force density matrix with a special rank. This is an important
property in the deﬁnition of super-stable tensegrities (Connelly and
Terrell, 1995). However, if we only need to form a valid tensegrity
without retaining the super-stability condition, it could be sufﬁ-
cient to use the absolute values of the eigenvalues of G to ﬁnd
the ﬁrst three or four eigenvalues having the smallest magnitudes.
By adopting this approach, it is possible to generate a set of force
densities that leads to a G matrix with negative, zero and positive
eigenvalues (for more details, see Example 5.1 case 2).
3.2. Role of b in objective function
In Eq. (5), b is a variable that does not alter the global minimum
of the problem; in fact, it signiﬁcantly improves the behaviour of
the objective function. Considering the upper and lower bounds
of qi, we observed that bi varies between 1 and +1. It is clear that
the term b signiﬁcantly increases the value of the objective func-
tion related to the force densities with zero or near-zero values. Be-
cause we aim to solve the minimisation problem with a genetic
algorithm (qi are selected as variables), this feature ensures that
the solution converges to force densities near the upper or lower
bounds ([1,1]) as much as possible, i.e., elements with force den-
sities near zero or that are small lead to a large objective function
(ﬁtness value).
3.3. Minimisation using genetic algorithm
Genetic algorithms are used as a global search technique based
on Darwin’s evolution theorem of ‘survival of ﬁttest’. The method
was ﬁrst inspired by Holland (1975) and used by many others as
one of the most popular and practical meta-heuristic approaches.
In this method, an initial random population of feasible solutions
(individuals) are evolved to make better solutions based on genetic
operators (selection, crossover, mutation, etc.). Hence, we also use
a genetic algorithm as a global optimiser to solve the minimisation
problem deﬁned in Eq. (5)). The objective function deﬁned earlier
is selected as our desired ﬁtness function. The main parameters
including selection method and genetic operations used in our ge-
netic algorithm are presented in Table 1. For the sake of brevity, we
do not include the detailed descriptions of the stochastic uniform
selection method, heuristic crossover and adaptive feasible muta-
tion methods. However, the interested reader may refer to Shukla
et al. (2010), Wright (1991) and Kumar (2010) for more detail. Note
that, we do not claim any optimality regarding the parameters re-
ported in Table 1. They were chosen from a range of possible ini-
tialisation parameters, after conducting a considerable number of
experiments. It is clear that a sensitivity analysis should be carried
out in order to determine a set of optimal genetic algorithm
parameters, including population size, crossover and mutation
rates etc. In general, the parameter set used in the experiments
produces good-quality solutions in reasonable times.4. Symmetry
The method proposed in the previous section efﬁciently gener-
ates the force densities that lead to a force density matrix with de-
sired rank (according to the type of tensegrity, three or four zero
eigenvalues are provided). As a result, a set of eigenvectors corre-
sponding to the zero eigenvalues can be selected as nodal coordi-
nates. For a two-dimensional tensegrity, the possible sets for
[x,y] are [v1,v2], [v1,v3], [v2,v3]. Also, the possible sets for the nodal
coordinates ([x,y,z]) of a three-dimensional tensegrity are[v1,v2,v3], [v1,v2,v4], [v1,v3,v4] and [v2,v3,v4] where vi is the eigen-
vector corresponding to ki ¼ 0.
Because the proposed algorithm only takes force densities as
the variables, none of the sets provided above leads to a symmet-
rical conﬁguration. In other words, setting unique variables (force
density) for all symmetrical elements does not guarantee that a
symmetrical conﬁguration is obtained. To overcome this problem,
we propose two different methods: an algebraic and an evolution-
ary method.
Due to the fact that any linear combination of eigenvectors (re-
lated to a zero eigenvalue) is also an eigenvector, both methods at-
tempt to ﬁnd a suitable linear combination (Eq. (8)) of eigenvectors
obtained in the previous step (vi) such that the nodal coordinates
resulted satisfy the symmetry constraints in different manners.
The linear combination mentioned above can be represented as
follows:
x ¼ Vw1 ¼
Xdþ1
i¼1
viwi1
y ¼ Vw2 ¼
Xdþ1
i¼1
viwi2
z ¼ Vw3 ¼
Xdþ1
i¼1
viwi3
ð8Þ
where V = [v1,v2, ... ,vd+1] is the matrix of eigenvectors correspond-
ing to zero eigenvalues, W = [w1,w2, ... ,wd] is a (d + 1)  d matrix
contains coefﬁcients of linear combinations (wij) and d is 2 or 3
for two- or three-dimensional tensegrities, respectively. According
to the theorem mentioned, we propose the following two methods
to form a symmetrical tensegrity.
4.1. Method 1
Let the symmetry constraints of a tensegrity be deﬁned through
a set of linear equations that consider nodal coordinates as vari-
ables. These equations can be written as follows:
S
x
y
z
2
64
3
75 ¼
0
0
0
2
64
3
75 ð9Þ
where S is the coefﬁcient matrix of constraint equations. By substi-
tuting the nodal coordinates given in Eq. (8) into Eq. (9), we obtain
S
Vw1
Vw2
Vw3
2
64
3
75 ¼ S
V 0 0
0 V 0
0 0 V
2
64
3
75
w1
w2
w3
2
64
3
75 ¼ SðI3  VÞ
w1
w2
w3
2
64
3
75 ¼
0
0
0
2
64
3
75 ð10Þ
A non-trivial solution of Eq. (10) is clearly the null basis of the
S(I3  V) matrix (an orthogonal basis); thus, unknown coefﬁcients
can be obtained easily, as given in Eq. (11).
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w2
w3
2
64
3
75 ¼ nullðSðI3  VÞÞ ð11Þ
Finally, the desired nodal coordinates that assure the symmetry
constraints are achieved as follows:
x; y; z½  ¼ VW ð12Þ
Note that, for independent symmetry constraints, we have inde-
pendent equations, such as S1x = 0, S2y = 0 and S3z = 0. In this case,
the unknown coefﬁcients may be obtained with less computational
effort as wi = null(SiV), i = 1,2, ... ,d.
4.2. Method 2
In this section, we propose another efﬁcient method to trans-
form the geometry obtained by our genetic algorithm into its sym-
metrical counterpart. The algorithm presented in Section 3 does
not guarantee the formation of a tensegrity in which the elements
with the same force density have the same length. Again, we solve
this problem by ﬁnding suitable linear combinations of columns of
V, though using a different method.
Let all of the elements of a tensegrity be grouped into k subsets
(gj, j = 1,2, ... ,k). The elements are grouped based on symmetry
properties of a tensegrity structure represented as a graph. Note
that, the group of force densities may or may not be the same as
the group of elements deﬁned here. In other words, different
groups should be assigned to the asymmetric elements having
equal force densities (see Example 5.3, case 2).
In addition, let mj = |gj| be the cardinality of set gj. We denote l
m
j
as the mean length of all of the elements belonging to set gj, as gi-
ven in Eq. (13).Table 2
Detailed results of the Example 5.1.
Case Generation number
(converged)
Fitness of the best
individual
All ei
of G =
1 (super stable) 43 7.51e14 1.13e
3.02e
2.13e
0.591
1.237
1.343
2 (Typical) 23 5.07e14 0.84
1.44
1.33
1.09
0.840
0.840
* () Refers to group number.
Table 3
Length of elements for case 1 and 2 (Example 5.1).
No. Length of elements (Case 1) g1 = [1,3,4,6], g2 = [2,5], g3 = [7,8], g4 = [9]
V (1,2) V (1,3) V (2,3) Proposed method VW
1 0.3229 0.5338 0.6085 0.6163
2 0.5009 0.1214 0.4889 0.5023
3 0.3971 0.4762 0.6125 0.6163
4 0.3229 0.5338 0.6085 0.6163
5 0.5009 0.1214 0.4889 0.5023
6 0.3971 0.4762 0.6125 0.6163
7 0.0881 0.9965 0.9996 1.0000
8 0.0881 0.9965 0.9996 1.0000
9 1.2194 0.2954 1.1901 1.2228lmj ¼
1
mj
X
i2gj
li; j ¼ 1;2; . . . ; k ð13Þ
In Eq. (13), li is deﬁned using a linear combination of columns of
V as follows:
li ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
dx2i þ dy2i þ dz2i
q
ð14Þ
dx;dy;dz½  ¼ BtVWo ð15Þ
where dx = [dx1,dx2, ... ,dxn]t, dy = [dy1,dy2, ... ,dyn]t and
dz = [dz1,dz2, ... ,dzn]t. Furthermore, Wo is considered an orthonor-
mal basis for the range of the variable matrix (W). At this stage, a
desired variable matrix could be obtained by solving a minimisation
problem as given in Eq. (16).
Minimize
Xm
i¼1
ðli  lmj Þ2
 !1
2
; i 2 gj ð16Þ
This problem may be solved using different optimisation meth-
ods; however, we solve it efﬁciently using a genetic algorithm. All
parameters are considered to be identical to those provided in Ta-
ble 1. It is clear that the global minimum of the problem deﬁned in
Eq. (16) is zero. This minimum occurs when all elements in a set
have the same length. After ﬁnding the desiredW, the ﬁnal coordi-
nates are generated as follows:
x; y; z½  ¼ VWo ð17Þ
Note that this method is more efﬁcient than the ﬁrst method,
particularly for complex models, because it does not need symmet-
rical constraints to be generated explicitly. Therefore, in the exam-
ples presented in the next section, we use this method to complete
the form-ﬁnding process.genvalues
BQBt
Force density
(proposed method)
Force density (direct calculation
using obtained geometry)
17 Cables (1)* = 0.4125 Cables (1) = 0.4125
16 Cables (2) = 0.2958 Cables (2) = 0.2958
15 Struts (3) = 0.2063 Struts (3) = 0.2063
7 Struts (4) = 0.2431 Struts (4) = 0.2431
6
2
02 Cables (1) = 0.2801 Cables (1) = 0.2801
e15 Struts (2) = 0.4201 Struts (2) = 0.4201
e15
e16
2
2
Length of elements (Case 2) g1 = [1,3,4,6,7,8], g2 = [2,5,9]
o V (1,2) V (1,3) V (2,3) Proposed method VWo
1.0000 0.9962 0.0868 1.0000
1.1544 0.9465 0.6620 1.1547
1.0000 0.9962 0.0868 1.0000
0.9996 0.5739 0.8194 1.0000
1.1540 0.1080 1.1503 1.1547
0.9996 0.5739 0.8194 1.0000
0.9994 0.4242 0.9062 1.0000
0.9994 0.4242 0.9062 1.0000
1.1546 1.0464 0.4884 1.1547
Table 4
Detailed results of the Examples 5.2–5.5.
Name Generation number
(converged)
Fitness of the best
individual
First ﬁve eigenvalues
of G = BQBt
Force density
(proposed method)
Force density (direct calculation
using obtained geometry)
Example 5.2 Prismatic tensegrity (8plex) 49 7.09e14 2.75e16 Cables (1) = 0.1507 Cables (1) = 0.1507
1.33e17 Cables (2) = 0.2209 Cables (2) = 0.2209
3.89e17 Cables (3) = 0.1755 Cables (3) = 0.1755
1.14e16 Struts (4) = 0.1507 Struts (4) = 0.1507
0.1785
Example 5.3 Truncated tetrahedron (case 1) 29 5.55e14 2.15e17 Cables (1) = 0.2315 Cables (1) = 0.2315
4.78e17 Cables (2) = 0.2088 Cables (2) = 0.2088
1.87e16 Struts (3) = 0.1259 Struts (3) = 0.1259
2.45e16
0.6924
Example 5.3 Truncated tetrahedron (case 2) 27 8.12e14 1.79e16 Cables = 0.2237 Cables = 0.2237
9.19e17 Struts = 0.1285 Struts = 0.1285
1.28e16
3.51e16
0.6711
Example 5.4 Expandable octahedron (case 1) 79 6.25e14 3.86e16 Struts (1) = 0.1936 Struts (1) = 0.1936
1.97e17 Struts (2) = 0.2838 Struts (2) = 0.2838
1.39e17 Struts (3) = 0.2224 Struts (3) = 0.2224
4.61e16 Cables (4) = 0.2222 Cables (4) = 0.2222
0.0657 Cables (5) = 0.1034 Cables (5) = 0.1034
Cables (6) = 0.1518 Cables (6) = 0.1518
Example 5.4 Expandable octahedron (case 2) 25 5.71e14 3.21e16 Cables = 0.1633 Cables = 0.1633
1.97e16 Struts = 0.2449 Struts = 0.2449
1.37e16
7.07e17
0.1634
Example 5.5 Truncated icosahedron (case 1) 47 5.07e14 3.96e18 Cables (1) = 0.0888 Cables (1) = 0.0888
4.39e17 Cables (2) = 0.1270 Cables (2) = 0.1270
1.30e16 Struts (3) = 0.0376 Struts (3) = 0.0376
3.53e16
0.0187
Example 5.5 Truncated icosahedron (case 2) 32 9.71e14 2.11e16 Cables = 0.1029 Cables = 0.1029
3.09e18 Struts = 0.0393 Struts = 0.0393
1.54e16
1.58e16
0.0185
K
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Fig. 1. Equilibrium conﬁguration for the tensegrity of Example 5.1, (a) case 1 (super-stable), (b) case 2 (typical).
Fig. 2. Equilibrium conﬁguration for a prismatic 8-plex tensegrity (Example 5.2).
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In this section, we provide ﬁve examples of regular tensegrities
to show the efﬁciency of the proposed method. The ﬁnal geome-
tries of all of the tensegrities (including group numbers of the
cables and struts) are also illustrated for each example by consid-
ering thick grey lines as struts. The full details of examples are
summarised in Tables 2–4. It is useful to note that all of the force
densities given in tables were normalised such that
Pm
i¼1q
2
i ¼ 1.
5.1. A 2D tensegrity
We consider a simple graph with 6 nodes and 9 elements as an
initial topology. This example is studied comprehensively in order
to demonstrate the capability of the proposed method in forming
both a super-stable (case 1) and a typical (case 2) tensegrity. In
addition, it is shown how a symmetric tensegrity can be con-
structed by the linear combination of eigenvectors corresponding
to zero eigenvalues.
For the case 1, we consider the force densities of four sets,
including two sets of cables (cables(1) and cables(2) corresponding
to the force density of elements in groups g1 and g2, respectively)and two sets of struts (struts (3) and struts(4) corresponding to
the force density of elements in groups g3 and g4, respectively) as
unknown variables, where g1 = [1,3,4,6], g2 = [2,5], g3 = [7,8] and
g4 = [9]. Note that, the numbers in the brackets refer to the element
numbers (see Fig. 1). Table 2 provides the detailed results obtained
by the proposed method for the case 1. The set of eigenvalues
clearly veriﬁes the super-stability of the tensegrity. Using the ﬁnal
geometry determined, an equilibrium matrix is generated, and the
force density is calculated for all the elements (provided in the last
column of Table 2) to verify the accuracy of the results obtained.
For this case, the symmetrical conﬁgurations depicted in Fig. 1(a)
are formed using two methods proposed as follows:
Method 1:
The independent constraint equations for this tensegrity can be
expressed as follows:
S1 ¼
1 0 0 1 0 0
0 1 1 0 0 0
0 0 0 0 1 1
2
64
3
75; S2 ¼
1 0 0 0 0 0
0 1 0 0 0 1
0 0 1 0 1 0
0 0 0 1 0 0
2
6664
3
7775
Then, w1 ¼ nullðS1VÞ ¼ ½ 0:2298 0:9704 0:0744 t , w2 ¼
nullðS2VÞ ¼ ½ 0:0289 0:0833 0:9961 t andW = [w1,w2] are
calculated, where V = [v1,v2,v3] is the 6  3 matrix of eigenvectors
corresponding to the zero eigenvalues. The nodal coordinates of
the ﬁnal geometry showing the symmetry constraints can now be
calculated using Eq. (12). The symmetrical conﬁguration related to
the case 1 is depicted in Fig. 1(a).
Method 2:
In this method, an orthogonal unknown matrix
Woððdþ 1Þ  d matrix with d ¼ 2Þ should be determined using
Eq. (16). In the experiments conducted, the method converged
after 25 iterations (generations), and a ﬁtness value of 1.02e14
was obtained for the best individual in the population. The orthog-
onal matrix Wo produced by the present method is shown below:
Wo ¼
0:1504 0:1761
0:7734 0:5920
0:6158 0:7865
2
64
3
75
Table 3 presents the length of elements calculated for the selec-
tion of different eigenvectors as the nodal coordinates and the re-
sults obtained by the present method. The results clearly show the
Fig. 3. Equilibrium conﬁguration for a truncated tetrahedron tensegrity (Example
5.3).
Fig. 4. Comparison of the force densities obtained by the proposed method with
those obtained by other methods (Example 5.3). Note that the force densities of the
truncated edges are set to unity. Hence, the horizontal and vertical axes are the
force densities of other cables and struts, respectively.
Fig. 5. Equilibrium conﬁguration for an expandable octahedron tensegrity (Exam-
ple 5.4).
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uration without the need for deﬁning constraint equations
explicitly.
For the case 2, we consider the force densities of two sets,
including a set of cables (cables(1) corresponding to the force den-
sity of elements in group g1) and a set of struts (struts (2) corre-
sponding to the force density of elements in group g2) as
unknown variables, where g1 = [1,3,4,6,7,8] and g2 = [2,5,9]. The
detailed results obtained by the proposed method are given in Ta-
ble 2. As mentioned in Section 3.1, the method could form a typical
tensegrity system without any super-stability constraint. A single
negative eigenvalue, three zero eigenvalues and two positive
eigenvalues were obtained, conﬁrming that G is not semi-positive
deﬁnite. Fig. 1(b) shows an interesting cyclically symmetrical con-
ﬁguration obtained by the method proposed in Section 4.2, in
which the method converged after 28 iterations (generations),
and a ﬁtness value of 1.97e14 was obtained for the best individ-
ual in the population. The orthogonal matrix Wo produced as a re-
sult of the minimisation process is given below:
Wo ¼
0:6676 0:7445
0:7441 0:6671
0:0244 0:0257
2
64
3
75
The detailed results for the elements’ length are also reported in
Table 3, verifying the efﬁciency of the present method.
5.2. A prismatic tensegrity (8-plex)
Prismatic tensegrities are among the most well-known three-
dimensional tensegrities. In this example, the form-ﬁnding of a
super-stable 8-plex is studied. The tensegrity has 16 nodes and 32
elements. The force densities of three types of cables (cables (1)–
(3)) and one type of strut (struts (4)) are considered as problemvari-
ables. The number of generations, the ﬁve smallest eigenvalues and
the normalised force densities after the convergence are provided in
Table 4. The twisting angle is calculated as 3p/8 using nodal coordi-
nates, the result of which is in complete agreement with the analyt-
ical solution (see e.g. Estrada et al., 2006 or Tibert and Pellegrino,
2003) h ¼ p 12 jn
 
with j = 1 and n = 8. Fig. 2 shows the ﬁnal conﬁg-
urationafter applying the secondmethod (see4.2) toproducea sym-
metrical conﬁguration. The method converged after 93 generations
with 7.31e14 as the ﬁtness value. The orthogonal matrix Wo ob-
tained by the present method is as follows:
Wo ¼
0:3774 0:0627 0:5340
0:5259 0:0694 0:7951
0:7325 0:3501 0:2609
0:2106 0:9320 0:1212
2
6664
3
77755.3. Truncated tetrahedron
In this example, we aim to ﬁnd the geometry corresponding to
the state of self-stress in a super-stable truncated tetrahedron
tensegrity. The initial topology has 12 nodes and 24 elements.
The problem is solved by considering two different assumptions.
First, we consider the force densities of 12 cables (cables (1)), 6
cables (cables (2)) and 6 struts (struts (3)) and second that of 18
cables and 6 struts as variables. The force densities and other re-
lated results for this example, for a typical run, are provided in Ta-
ble 4. Fig. 3 shows the ﬁnal geometry (after applying Method 4.2)
of the truncated tetrahedron tensegrity for the ﬁrst case. This con-
ﬁguration is obtained by applying the Method 2 after 33 genera-
tions where the ﬁtness value reached 6.06e14.
There are also other results for the force density of this tenseg-
rity. Tibert and Pellegrino (2003) found 12 cables with q = 1, 6
cables with q = 1.3794 and 6 struts with q = 0.6671. They also
Fig. 6. Comparison of the force densities obtained by the proposed method with
those obtained by other methods (Example 5.5). Note that the force densities of the
truncated edges are set to unity. Hence, the horizontal and vertical axes are the
force densities of other cables and struts, respectively.
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(2006) also calculated 12 cables with q = 1, 6 cables with
q = 1.1546 and 6 struts with q = 0.6170. Note that the results
mentioned above were normalised such that the force densities
of the reference cables (cables on the truncated edges) were unity.
The proposed method always converges to a feasible solution with
different force densities. Fig. 4 shows a comparison between the
force densities obtained by the proposed method for 200 runs
and those of the analytical solution provided by Tibert and
Pellegrino (2003). Clearly, our results are in complete agreement
with the analytical solution, thereby verifying the accuracy of the
present method.
The second case is solved many times, and as an interesting re-
sult, the ratio of the cable/strut force density was obtained as a
constant value in all runs as 1.7403. This constant force density ra-
tio leads 12 cables possessing length L = 1, 6 cables length
L = 1.4728 and 6 struts length L = 2.6936.5.4. Expandable octahedron
The expandable octahedron is a tensegrity with 12 nodes and
30 elements. We studied this tensegrity (with the super-stabilityFig. 7. Equilibrium conﬁguration for a truncated icosahedron tensegrity (Example
5.5).condition) by considering two assumptions. First, as a general case,
the force densities of three types of struts (struts (1)–(3)) and three
types of cables (cables (4)–(6)) are considered as variables (see
Table 4). This leads to a different element length for each set. In
Fig. 5, the ﬁnal form after the application of Method 2 is depicted.
Second, we choose only two variables by considering the force den-
sity of all of the cables as a variable and that of all of the struts as
another variable. The results for both cases are provided in Table 4.
For the second case, we obtain a constant cable/strut force density
ratio of 2/3, which it is in a complete agreement with the results
reported by Tibert and Pellegrino (2003). This constant ratio of
force densities leads to a constant ratio of strut/cable length ofﬃﬃﬃﬃﬃﬃﬃﬃ
8=3
p
(see also Li et al., 2010).
5.5. Truncated icosahedron
The truncated icosahedron is a regular tensegrity that has a com-
plex geometry and topology. The tensegrity has60nodes and120ele-
ments (see Murakami and Nishimura, 2001, for more detail). This
example is also studied using two different assumptions whereas
the super-stability condition is preserved for both cases. In the ﬁrst
case, three variables are considered: force densities of two cables
(60 and 30 elements) and a strut (30 elements). Estrada et al. (2006)
reported the force density of these elements as 60 cables with q = 1,
30 cables with q = 0.6775 and 30 struts with q = 0.3285. Murakami
andNishimura, 2001 suggested an analytical solution for this tenseg-
rity. Fig. 6 illustrates a comparison of the results obtained by the pro-
posed method (200 runs) and those of the mentioned analytical
solution. The results are again in complete agreement with those of
the analytical solution (see also Li et al., 2010).
In the second case, we choose the force densities of all of the
cables and all of the struts as our two variables. Table 4 provides
detailed results of both cases for a typical run. Fig. 7 also illustrates
the equilibrium conﬁguration of the second case. For the second
case, the cable/strut force density ratio for each run is obtained
as a constant value (1 + C) in which C is the golden ratio
1þ
ﬃﬃﬃ
5
p 
=2. This constant ratio of force densities leads to an inter-
esting constant ratio of strut/cable length:
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1þ CÞp .6. Conclusions
We have proposed an efﬁcient form-ﬁnding method for regular
tensegrity structures. The present method determines the force
densities of a tensegrity by minimising a special objective function
in a way that provides us a force density matrix with a desired
rank. A genetic algorithm is used as an optimisation technique.
The proposed method guarantees force densities that lead to a
semi-positive deﬁnite force density matrix, thereby leading to a
super-stable tensegrity. The method could simply be adapted for
generating tensegrity systems without super-stability condition.
The topology and type of elements (cable or strut) are the only
requirements for the form-ﬁnding process. Other methods are also
suggested in which the eigenvectors of a force density matrix are
used to make a symmetrical form by considering different symme-
try constraints. Examples from well-known regular tensegrities
demonstrate the efﬁciency of the proposed method. In its current
form, the method could also be used to address small non-regular
tensegrities. However, the method requires more study and devel-
opment to be a viable tool for non-regular tensegrities, which con-
stitute the subject of future work.
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